Abstract For p 3 and for p 5 we show that every p-coloured knot K can be reduced to a left-hand Ôp, 2Õ-torus knot by a sequence of surgeries along components in the kernel of its p-colouring ρ :
Introduction
The easiest knot invariant to explain to somebody who is not a knot theorist is 3-colourability. A knot diagram is made up of a collection of arcs each starting and ending as an under-crossing at a double-point. To each of these arcs we assign a colour, red (R), blue (B), or green (G). If this can be done in such a way that each of the three colours is used at least once, and that in the neighbourhood of every double-point either all three colours meet or all arcs are of the same colour, the knot is said to be 3-colourable.
Let K be a knot with knot group G : π 1 ÔS 3 ¡ KÕ, and denote the dihedral group of order p by D 2p : Øt, s t 2 s p 1, tst s p¡1 Ù. Under the hood, a 3-colouring of a knot diagram is a way of visually encoding a representation ρ of a knot group G onto the dihedral group D 6 . The colour of an arc represents a generator of G corresponding to a loop which circles once around that arc 'in the direction of a left-hand screw' and 'doesn't do anything funny'. If the colour of the arc is red, this meridian maps to t, if the colour is blue it maps to ts, and if it is green it maps to ts 2 (under ρ).
Generalizing from p 3 to the general case, we may encode any surjection ρ : π 1 ÔS 3 ¡ KÕ D 2p for any odd integer p by colouring arcs of a knot projection. The 'colours' assigned in this case are taken to be elements of p (the cyclic group of order p), and the 'colouring rule' is that at least two colours are used, and that at each crossing half the sum of the labels of the undercrossing arcs equals the label of the over-crossing arc modulo p. By labeling an arc by an element n È p , we are indicating that ρ maps its meridian to the element ts n È D 2p . If a knot K admits such a colouring the knot is said to be p-colourable, and ρ is said to be a p-colouring of K . The pair ÔK, ρÕ is called a p-coloured knot. This definition may be extended to links and to tangles.
It is easy to see that not all knots are p-colourable for a given p-an extreme example is the trivial knot which has an abelian knot group and so is not pcolourable for any p. Whether or not a knot is p-colourable is detected by whether or not p is a prime factor of its Alexander polynomial evaluated at
¡1.
For more about p-colourability we refer the reader to Fox's original paper [6] .
In this paper we investigate the concept of untying a p-coloured knot by¨1-framed surgery. Any knot may be untied by surgery along¨1 framed nullhomotopic unknots. But such surgeries may not preserve p-colourability. The remedy to this is only to allow surgeries that preserve a p-colouring ρ of Ksurgeries by¨1 framed loops in the kernel of ρ.
Fix p a prime integer. The question of whether any p-coloured knot can be untied by the above-mentioned surgeries is formulated by the following conjecture.
Conjecture 1 Any p-coloured knot ÔK, ρÕ can be reduced to a left-hand Ôp, 2Õ-torus knot by a series of¨1-framed surgeries along loops in the kernel of the p-colouring ρ :
It is interesting to consider what the corresponding conjecture should be when p is not prime.
Note that the converse of this conjecture is easy-if K is a p-coloured knot with p-colouring ρ and K ½ is a knot obtained from K by surgery by an element C in kerÔρÕ, then K ½ is p-colourable with p-colouring ρ ½ induced by ρ. A presentation for the fundamental group of S 3 ¡K ½ is given by the Wirtinger presentation of K C (see [16] ), where the relations added to the set of generators of π 1 ÔS 3 ¡KÕ when we push it forward by the surgery map into π 1 ÔS 3 ¡K ½ Õ are in the kernel of ρ. Thus K ½ is 3-colourable, with the representation ρ ½ induced by the image of ρ on the push-forward of the generators of π 1 ÔS 3 ¡ KÕ.
In the present paper we prove Conjecture 1 for the special cases p 3 and p 5. Two applications to these results are given in Section 6.
Firstly these theorems give a surgery presentation of 3 and 5-coloured knots, which as pointed out to the author by Andrew Kricker gives us a surgery presentation for irregular branched dihedral coverings of knots associated to the dihedral groups D 6 and D 10 . In this way they form the basis for future research into invariants of p-coloured knots in the spirit of Garoufalidis and Kricker's work [7, 8] . In particular, these results may be used to search for dihedral analogues of rational Kontsevich integrals and for LMO invariants of 3-fold and 5-fold irregular branched dihedral covers. These will also give us dihedral analogues of such classical invariants as the Alexander polynomial by looking at the degree zero parts of loop expansions of the aforementioned Kontsevich integrals.
A second application of the theorems stated above which was pointed out to the author by Makoto Sakuma is that they enable us to expand a result of Przytycki and Sokolov [15] (see also Sakuma [17] ) concerning surgery presentations of periodic 3-manifolds to the case of dihedral periods, for a certain class of 3-manifolds. It is an interesting question to expand these results further to a wider class of manifolds and periods.
Makoto Sakuma pointed out in a private discussion with the author that Theorem 1 looks very similar to a result of [9] which freely stated says that every 3-fold irregular branched dihedral cover is a smooth pullback of such a cover over a trefoil. It seems an interesting problem to discover what the exact relationship is between these results.
Basic Moves
We begin by identifying moves which relate p-coloured tangles ÔT, ρÕ through surgery in ker ρ.
Notation If ÔT, ρÕ and ÔT ½ , ρ ½ Õ are related by a sequence of¨1-framed surgeries by components in ker ρ, we write ÔT, ρÕ
Notation It is convenient to denote half twists by numbers in boxes. By convention, we set 
to denote
The next proposition lists some basic moves which we would like to use in our proof.
Proposition 3
RR Move a a ker ρ a a
Note that since an element ts i is its own inverse, we may ignore the orientation of the strands. Changing the orientation of the surgery component reverses linkage.
R2G This is the result of 1-framed surgery on a component which is the connect sum of two 1-framed components in ker ρ. One is a component which loops twice around the strand labeled a, and the other is the component which loops once around the two stands labeled b. Various RR's are necessary to clean up. Graphically
The following move, which is a combination of RR and of R2B , is also useful.
Proof The colours below are to be read modulo p. Corollary 5 For p 3, adding 3 twists in a band is equivalent modulo surgery in ker ρ to taking a connect sum with a left-hand trefoil.
Unlinking Bands
All knots are assumed to be given in their band projections (see for instance [3] ), in which the Seifert surface is presented by a disc with bands connected onto it, as in Figure 1 . In this section we show that for any p, the bands of a knot may be unlinked by¨1-framed surgery in ker ρ. Twists of the bands themselves are ignored. In other words
Proposition 6 For any p-coloured knot ÔK, ρÕ of genus n there exist pcoloured knots ØÔK 1 , ρ 1 Õ, . . . , ÔK n , ρ n ÕÙ such that (1) ÔK i , ρ i Õ are genus one knots with a single negative half-twist between their bands.
(2)
The way in which we unlink depends on the colouring of the strands which border the bands. We thus define the following 'invariant' of bands.
... it connects to the disc, read from left to right.
A is independent of twists in A and of crossings of A with other bands. It is called the index of A.
In the simplest case, bands may be unlinked by surgery along a single component which rings them once.
Lemma 8 If
A B then A and B may be unlinked in ker ρ.
Proof If A B , let C be a 1-framed unknot which rings A and B once. As we may add and subtract a single twist, we may assume that the strands ringed by C are coloured a, a r, b, and b ¡ r, and therefore that C È ker ρ.
Surgery along C unlinks the bands.
This allows for a far-reaching generalization, which together with the previous lemma allows all bands A, B to be unlinked for all p except in the case A 0 and B 0.
Lemma 9 If A B are both nonzero, then A and B may be unlinked in ker ρ.
Proof Pick a and b such that a A b B 0 mod p. Take the connect sum of the component which rings a times around A with the 1-framed component which rings b times around B . This is in ker ρ, and the effect of the surgery modulo the previous lemma (which allows us to pass a band through itself) us to link the bands ab times (since a band can be freely moved through itself, the only information kept is the linking of the two bands-this is almost identical to the theory of homotopy links [10] ). The example a 3 and b 1 is illustrated in Figure 2 . twists between the bands. Therefore using all of these operations together we may add or subtract a single twist between A and B .
A key idea in the proof which is also a key idea in the application of this lemma is the "homotopy link" idea that if we know that two families of bands link and both possess the property that any band passes through any other band in the same family by surgery in ker ρ, the only information kept about how the link is Milnor invariants. This makes many computations dead easy-all that one must keep track of is linking information.
Proof of Proposition 6
Assume first that A B 0 and that A and B link with some other bands of non-zero index. Assume also that A and B are the leftmost and the second-to-leftmost bands of K (this can be achieved by rotating the band projection of the knot around the disc). The following sequence allows us to reduce the genus of K by surgery in ker ρ. The dotted line denotes any linkage with any other bands. We may assume that this linkage consists of twists, because the bands linking to A and B may all be surgered through one another by Lemmas 8 and 9. To get from the middle diagram to the rightmost diagram, surger the bottom dotted line through the top one by Lemmas 8 and 9 and isotopy it out of the picture. The rightmost diagram is of lower genus that the knot which we started with, because we may slide the solid line through the dotted line by a series of Reidemeister RII moves.
We are left now only with the case A 0 but B 0. By Lemma 8 and Lemma 9 may assume that there are no twists in K between two bands of zero index or between two band of nonzero index. We shall show that B may be unlinked from all other bands. We do this by choosing a new disc-band presentation for K . We thank Makoto Sakuma for pointing out an error in an earlier version of this proof.
The disc-band presentation is nothing but a choice of cut-system for the Seifert surface, and as such is far from being unique. In the situation above, we may select a new cut-system that replaces B by a new band whose boundary is the strands a and c. We get a new disc-band presentation of the Seifert surface, in which both A and C are nonzero. See Figure 3 for how to carry out this procedure in general.
Note that we may carry out this same procedure whenever c a mod p (notation as in the beginning of this section). We have c a A 2 A m so B 0 implies that 2 A m 0 mod p so m 0 mod p, and since A 0 this implies that indeed c a mod p.
Simply isotoping the diagram and band-crossing when allowed proves the proposition, but for clarity we prefer to carry this out in two stages. First slide all bands which formerly linked with B through the new band C by our lemmas. Repeating from the beginning for all bands of zero index proves that any pcoloured knot of the form now being considered is equivalent modulo surgery in ker ρ to a connect sum of genus one knots. To prove that these knots may be chosen to have a single half-twist between their bands, choose bands A and C again for one of these connect summands (Figure 3 for genus one knots) to obtain a cut system for a genus one knot in which the bands are of one of the forms already considered. 
That the
K i are p-colourable follows from examining the p-colouring of K i as a connect summand of K . Assume that K i has two bands A and B with A to the left of B . Assume A has m twists and B has n twists. Then if a is 0 and if b is 1
Three Colours
We begin with some notation. Let K : S 1 S 3 be a genus 1 knot whose bands we denote A and B , with the leftmost part of A to the left of B . By Proposition 6 we may assume that A and B link only by a single negative half-twist. If n is the number of twists in A and m is the number of twists in B , we denote this knot by SÔm, nÕ. (S for Seifert).
Proposition 10 SÔm, nÕ is p-colourable if and only if 4mn 1 mod p.
Proof Consider a p-coloured pure braid with two strands and n full twists. If a, b È p are the colours of the left and of the right strand respectively at the top of the braid, then 2na ¡ 2nb a and 2na ¡ 2nb b are the corresponding colours of the strand at the bottom. Plugging these colours into a Figure 1 and comparing coefficients of a and of b gives the desired result.
We now specialize to the case p 3.
Proposition 11
The trefoil SÔ1, 1Õ, the 7 4 knot SÔ2, 2Õ, the 6 1 -knot SÔ1, ¡2Õ, and the connect-sum of two trefoils 3 1 3 1 are all equivalent to each other and to their mirror images modulo¨1-framed surgery in kerÔρÕ.
Proof For the first three knots, RR crossing changes give us ker ρ 6 1 , we have two ways of adding and subtracting 3 full twists from this knot, one explicitly by the RR move, and one by the Corollary 5 which adds a left-hand trefoil as a direct summand (or we can add 3 full twists and add a right-hand trefoil as a direct summand). This allows us to reduce any connect-sum of trefoils to a single trefoil by surgery in kerÔρÕ.
It remains to show that the left-hand trefoil and the right-hand trefoil are related by surgery in kerÔρÕ. Begin with a right-hand trefoil, and convert it to 7 4 by RR. We may convert this to the connect sum of 7 4 and a left-hand trefoil by the LT move by the process above, which we may in turn convert to the connect sum of a left-hand trefoil with a right-hand trefoil. Reversing the process, we may reduce this knot to the left-hand trefoil.
Corollary 12 Theorem 1 holds for 3-coloured knots of the form SÔn, mÕ.
Proof By the LT move we may 3-reduce the number of twists in each band, which allows us to convert any 3-coloured knot of the form SÔn, mÕ to a connect sum of trefoils (or a connect-sum of a 7 4 -knot and trefoils which is converted into a connected sum of trefoils by a single RR move) via surgery in kerÔρÕ, which may be converted to a left-handed trefoil by Proposition 11.
Summarizing, as we may unlink bands, any 3-coloured knot has been shown to be equivalent modulo¨1-framed surgery in kerÔρÕ to a connect sum of genus 1 knots. These may be reduced to a left-hand trefoil the LT move and by Proposition 11.
Five Colours
For five colours, the claim of Theorem 2 is that any 5-coloured knot may be reduced to a left-handed Ô5, 2Õ-torus knot by¨1-framed surgery in the kernel of its colouring. The Ô5, 2Õ-torus knot has many names-the Solomon's Seal, the Cinquefoil and the Pentafoil, the 5 1 knot... rather than restricting ourselves to one name, we use all these names interchangeably.
The 5-coloured case is considerably more involved than the 3-coloured case, and in particular it takes considerable effort to prove that one may in general increase or decrease the number of full twists in a band by 5 by surgery in ker ρ. Internet knot theory resources were especially useful in making and double-checking calculations, and it pleases us to acknowledge the help we have received from the web resources Knotilus [1] , Charles Livingstone's Table of Knot Invariants [11] , and Dror Bar-Natan's Knot Atlas [2] .
The plan of the proof is much like the simpler 3-coloured case-p-reduce twisting in the bands, and eliminate by specific calculation the few concrete knots which are left.
Ô2, 2Õ-Tangle Equivalences
We begin with some notation. We work in the category of Ô2, 2Õ-tangles, with the product given by stacking tangles from top to bottom or from left to right. Tangles written horizontally are assumed to be We prove a number of equivalences between these objects.
Proposition 13
(1) l 2 ker ρ r ¤ τ and r 2 ker ρ l ¤ τ ¡1 . 
Proof

¡1
The proof of the r 2 ker ρ l ¤ τ ¡1 is the same up to reflection. Reminder Two coloured knots are said to be 2p-move equivalent if they are related by a sequence of 2p-moves.
The following proposition belongs logically after the next section because it uses results there in its proof, but in every other way it belongs here.
Proposition 14
Let K 0 and K 1 be 10-move equivalent 5-coloured knots.
Proof We may assume that K 1 is obtained from K 0 by a single 10-move, by adding ten half twists in two parallel strands of K 0 . By Corollary 16, K 0 ker ρ K 0 5 1 5 1 and K 1 ker ρ K 1 5 1 . We now look at a trivial Ô2, 2Õ-tangle in K 0 which we call T connect-summed with two 5 1 knots (in our notation, this is T 2 ). By Proposition 13 this is equivalent to l 4 ¤ τ 2 , which again is equivalent to τ 5 ¤ T. So we have converted K 0 to K 1 5 1 ker ρ K 1 by¨1-framed surgeries in ker ρ.
Pentacoloured Untying for a Few Special Knots
Proposition 15 SÔ3, 3Õ, the 7 4 knot SÔ2, 2Õ, the 9 2 -knot SÔ1, 4Õ, the 4 1 knot SÔ1, ¡1Õ, the cinquefoil 5 1 , and the connect-sum of two cinquefoils 5 1 5 1 are all equivalent to each other and to their mirror images modulo¨1-framed surgery in kerÔρÕ. Amphichirality of the Figure Eight knot means that we may ignore issues of handedness, because all of these knots will the be equivalent to their mirror images modulo surgery in kerÔρÕ.
Proof
SÔ3, 3Õ
ker ρ 7 4 0 1 2 3 4 0 1 2 0 4 3 2 1 4 3 iso 3 4 0 1 2 3 3 2 1 0 4 RR 1 2 1 0 4 0 3 7 4 ker ρ 4 1 5
Corollary 16 For any
Proof Let ÔK 0 , ρÕ be a 5-coloured knot in S 3 , and let B be a ball in S 3 such that T : B K 0 is a trivial 2-tangle (two unknotted untangled parallel strands). To show that the 10-move is realizable by surgery in kerÔρÕ, we show that K 0 K 1 where K 1 is identical to K 0 outside B and differs from K 0 inside B by a connect sum with a Solomon's Seal knot.
T is the product of two trivial Ô2, 2Õ-tangles T 0 and T 1 . We first add and subtract ¡3 2 twists from T 0 by a series of Reidemeister RII moves, and then we extract a copy of l from these twists by iso ¡3 2 By Proposition 13 this allows us to extract a copy of T from the modified T 0 . By Proposition 15 T T 2 . By isotopy, we take one copy of T into T 1 (making it isotopic to a copy of T), while returning the second T to its initial position in the modified T 0 . Reversing the process on what was T 0 , we may make it once again into a trivial Ô2, 2Õ-tangle.
Summary
The proofs of Theorem 1 and of Theorem 2 are now complete, as all steps have been carried out. First, we reduced the problem of showing that an arbitrary p-coloured knot for p 3, 5 may be reduced to a p-coloured left-hand Ôp, 2Õ-torus knot via surgery in the kernel of the p-colouring if and only if the same is true for a certain class of p-coloured knots, which we may write in the form SÔn, mÕ. Next, we showed that it is sufficient to prove the same statement for such knots with 0 m, n p, by Lemma 5 for p 3 and by the 10-move for p 5. The number of connect summands was reduced by showing that one of the SÔn, mÕ knots with 0 n, m p is equivalent modulo surgery in the kernel to SÔn, m ¡ pÕ in two different ways, one of which adds a Ôp, 2Õ-torus knot as a connect summand. Finally, the Ôp, 2Õ-torus knot was shown to be equivalent to its mirror image modulo surgery in the kernel of ρ, and since all knots were shown to reduce to a certain SÔn, mÕ with a certain handedness, the same was in particular true of the Ôp, 2Õ-torus knot, which proved the theorem.
The question remains how much of these arguments may be generalized to higher values of p. In particular, does connect-summing with a Ôp, 2Õ-torus knot always allow us to perform 2p-moves by¨1-framed surgery in ker ρ ?
Applications
Surgery Presentations for Irregular Branched Dihedral Coverings of Knots
The motivation for this paper was a series of discussions between Andrew Kricker and the author about finding surgery presentations for irregular branched dihedral coverings of knots. The exposition below is due to Andrew Kricker.
Branched cyclic covering spaces for knots are familiar to knot theory, as they allow us to obtain various invariants such as the Alexander Polynomial. The next simplest kind of covering space is the dihedral covering space.
Associated to this data there are two natural p-fold branched dihedral covering spaces. The first is the branched covering space associated to kerÔρÕ. This is called the regular branched dihedral covering. But we may also view D 2p as a subgroup of Σ p the group of permutations on p letters, and then take the branched covering space associated to elements of the knot group of K whose image under ρ is an element of StabÔ1Õ-a permutation which fixes 1. This is called the irregular branched dihedral covering. Note that since ker ρ is an order 2 subgroup of StabÔ1Õ, the regular branched dihedral covering is a 2-fold cover of the irregular branched dihedral covering space.
The irregular branched dihedral covering space is the interesting one for the following reasons:
(1) Any closed orientable 3-manifold is homeomorphic to a 3-fold irregular branched dihedral covering space of some link. [9, 12, 14] (2) A formula is known for the Rohlin µ-invariant of an irregular branched dihedral covering space. [4] (3) When people (e.g. [14] ) talk of branched covering spaces of coloured links, what they mean is irregular branched dihedral covering spaces.
Cappell and Shaneson [5] give a tractable approach for finding surgery pictures of irregular branched dihedral covering spaces. This may be carried out explicitly by hand for Ôp, 2Õ-torus knots.
Knowing how to reduce any p-coloured knot (p 3, 5) to a left-hand Ôp, 2Õ-torus knot by surgeries in the kernel of the representation gives us a new algorithm for translating between covering presentations and surgery presentations of closed orientable 3-manifolds. A p-coloured knot K is first reduced by surgeries in the kernel of its colouring to a Ôp, 2Õ-torus knot, presenting that knot as a link in the complement of the torus knot. Lifting the knot to the irregular branched dihedral covering space lifts also the link that is in its complement (since it is in the kernel of the representation).
This method generalizes Yamada's algorithm [18] , and does not require use of the 3-move in the 3-colour case.
Surgery Presentation of D 6 -Periodic Maps on Compact 3-Manifolds
Montesinos [13] showed that a closed orientable 3-manifold is a double branched covering of S 3 if and only if this manifold is obtained by rational surgery on a strongly invertible link L in S 3 . This allows us to 'visualize' the covering involution of such a manifold M , since it is conjugate to the involution of M induced by the involution of S 3 preserving L.
This result has recently been generalized by Przytycki and Sokolov [15] and later by Sakuma [17] to all cyclic branched covering spaces. For a closed orientable 3-manifold M which admits an orientation-preserving periodic diffeomorphism f , Sakuma showed that M is obtained by integral surgery on a link L in S 3 which is invariant under a standard 2π n rotation ϕ n around a trivial knot, and f is conjugate to the periodic diffeomorphism of M induced by ϕ n .
The key fact used in these papers which prevents the proofs there from directly carrying over to the dihedral case is that any knot K can be transformed into an unknot by¨1-surgeries on a trivial knot whose linking number with K is 0, but such surgeries may not be in the kernel of the representation. As Makoto Sakuma pointed out to the author, by substituting our main theorem in this note for this fact, we may generalize the above result to the case in which the cyclic group is replaced by the dihedral group D 2p with p È Ø3, 5Ù and in which M is a regular dihedral p-fold covering space. It seems an interesting problem to generalize this result to a wider class of 3-manifolds.
